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Abstract 


This paper presents some similarity measures between complex neutrosophic sets. A complex neutrosophic set is 
a generalization of neutrosophic set whose complex-valued truth membership function, complex-valued 
indeterminacy membership function, and complex valued falsity membership functions are the combinations of real- 
valued truth amplitude term in association with phase term, real-valued indeterminate amplitude term with phase 
term, and real-valued false amplitude term with phase term respectively. In the present study, we have proposed 
neutrosophic complex cosine, Dice and Jaccard similarity measures and investigated some of their properties. 
Finally, complex neutrosophic cosine, Dice and Jaccard similarity measures have been applied to a medical 
diagnosis problem with complex neutrosophic information. 
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1. Introduction 


It is avowed that uncertainty plays an important role in modeling real world problems. So it is necessary to 
bridge the gap between mathematical models and uncertainty and their explorative explanations. This gap can be 
found in problems of mathematics, operations research, biological and social sciences, modern technology and other 
applied sciences. In 1965, Zadeh [1] proposed the new concept of mathematics namely fuzzy sets (FS). In fuzzy set 
theory, the sum of membership and non-membership degrees of an element of a fuzzy set is equal to one. However, 
there exist some situations where the sum of membership and non membership degrees are not equal to one. In order 
to handle such situations Atanassov [2] introduced intuitionistic fuzzy set (IFS). Each element of an intuitionistic 
fuzzy set is assigned by membership and non-membership degrees, where the sum of the two degrees is less than 
one. 

The concept of intuitionistic fuzzy set has been widely studied and applied in many areas such as decision- 
making problems [3, 4, 5], selection problem [6, 7], educational problem [8], medical diagnosis [9, 10, 11] etc. 
Smarandache [12] introduced the degree of indeterminacy as independent component and defined the neutrosophic 
set to deal with uncertainty, indeterminacy and inconsistency. To use the concept of neutrosophic set in practical 
fields such as real scientific and engineering applications, Wang et al.[13] restricted the concept of neutrosophic set 
to single valued neutrosophic set since single value is an instance of set value. Similarity measures play an 
important role in the analysis and research of medical diagnosis [14] , pattern recognition [15], decision making [16, 
17], and clustering analysis [18] in uncertain, indeterminate and inconsistent environment. Various similarity 
measures of SVNSs have been proposed in the literature.. Majumdar and Samanta [19] introduced the similarity 


measures of SVNSs based on distances, a matching function, membership grades, and then proposed an entropy 
measure for a SVNS. Ye [20] proposed three vector similarity measures for simplified neutrosophic sets. Ye [21] 
also proposed improved cosine similarity measure for single valued neutrosophic sets based on cosine function. The 
same author [22] proposed the similarity measures of SVNSs for multiple attribute group decision making method 
with completely unknown weights. Ye and Zhang [23] further proposed the similarity measures of SVNSs for 
decision making problems. Biswas et al. [24] studied cosine similarity measure based multi-attribute decision- 
making with trapezoidal fuzzy neutrosophic numbers. Pramanik and Mondal [25] proposed rough cosine similarity 
measure in rough neutrosophic environment. Mondal and Pramanik [26] proposed neutrosophic refined similarity 
measure based on tangent function and its application to multi attribute decision making. Mondal and Pramanik [27] 
proposed refined cotangent similarity measure in single valued neutrosophic environment. The same authors [28] 
further proposed cotangent similarity measure under rough neutrosophic environments. The same authors [29] 
further proposed some rough neutrosophic similarity measures and their application to multi attribute decision 
making. 


Ramot et al. [30] introduced a concept of complex fuzzy sets (CFS). It is an extension of fuzzy sets. Here, 
membership function z — rei where, i = (-1)? which ranges in a unit circle. The membership function is 
defined for the complex fuzzy set as re" ^9. Неге, r(x) is the amplitude term and w,(x) is the phase term. r,(x) 
ranges in the interval [0, 1] and w,(x) is a periodic function. Ramot et al. [31] also proposed different complex fuzzy 
operations like union, intersection, complement etc. The amplitude term explains the idea of “fuzziness” and phase 
term implies declaration of complex fuzzy set. Chen et al. [32] proposed a neuro-fuzzy system architecture rule as a 
practical application of complex fuzzy logic. 


Alkouri and Salleh [33] introduced complex intuitionistic fuzzy set (CIFS). CIFS is a generalization of complex 
fuzzy set. Complex fuzzy set is transformed into complex intuitionistic fuzzy set by adding complex-valued non- 
membership grade. 

The complex intuitionistic fuzzy sets can deal the problems involving uncertainty and periodicity 
simultaneously. The concept of phase term is extended in complex intuitionistic fuzzy set which appears in several 
prominent concepts such as distance measure, Cartesian products, projections, relations, and so on. The complex 
fuzzy set has one additional phase. Complex intuitionistic fuzzy set has two additional phase terms. Recently Ali and 
Smarandache [34] proposed the concept of complex neutrosophic set. It seems to be very powerful. In this paper an 
attempt has been made to establish some similarity measures namely, cosine, Dice and Jaccard similarity measures 
in complex neutrosophic environment and their applications in medical diagnosis. 

Rest of the paper is structured as follows: Section 2 presents neutrosophic and complex neutrosophic 
preliminaries. In Section we introduce complex Cosine, Dice and Jaccard similarity measure for complex 
neutrosophic sets and establish some of thier properties. Section 4 is devoted to present new method of medical 
diagnosis based on complex Dice and Jaccard similarity measures. Section 5 presents an application of complex 
Cosine, Dice and Jaccard similarity measures in medical diagnosis. Section 6 presents the concluding remarks and 
future scope of research. 


2. Mathematical Preliminaries 
Definition 2.1 

Let G be a space of points with generic element in E denoted by y. Then a neutrosophic set P in G is 
characterized by a truth membership function Tp, an indeterminacy membership function Ip and a falsity 
membership function Ер. The functions Tp and Ер are real standard or non-standard subsets of Jo, 1* [that is Tp: 
Go 1-0, г; Ip Go Jo, ri; Ғы Go Jo, ri. The sum of Ть(у), 1Ь(у), Fely) is given by ^0 


S supT, (y) +sup Ip (y) +supFp (y) < 3* 


Definition 2.2 


The complement of а neutrosophic set P is denoted by P* and is defined as follows: Т(у) ={1°}—Ть(у); (у) = 
{1°} -Ie (Y) ; Fee (yY) = {1°} – Fp (y). 


Definition 2.3 
A neutrosophic set P is contained in the other neutrosophic set Q, P c Qif and only if the following result holds. 
inf Tp(y) € inf To(y), supTp(y) S supTo(Cy) ; 
inf Ip(y) 2 inf Ig(y), supIp(y) > supIoCy) ; 
inf Fp(y) 2 inf Fo (y), supFp(y) > sup Fo (y), for all y in G. 


Definition 2.4 Single-valued neutrosophic set 
Let G be a universal space of points with generic element of G denoted by y. A single valued neutrosophic set S is 
characterized by a truth membership function Т; (у), a falsity membership function Е (у) and indeterminacy function 


Is (у) such that Ts(y) , Fs(y), Is(y) € 10, I] for all y in G. 


When G is continuous, a SNVS S can be written as follows: 


S = [(т5(у), 85 (у),15(у) )/y. Vy eG 
y 


and when G is discrete, a SVNS S can be written as follows: 

S = X(Ts() Fs). Is (у) )/y, Vy eG 

It should be noted that for a SVNS S, 0 < sup Ts (у) + sup Е$ (у) + supIs(y) 3, Vy € С. 
Definition 2.5 

The complement of a single valued neutrosophic set S is denoted by S^ and is defined as follows: 
Ts° (у) = Еѕ(у) ; Is° (у) =1—15(у); Е (у) = Ts OY 
Definition 2.6 


А SVNS S; is contained in the other SVNS S», denoted as S, c S; if and only if Ts) STs); 4002 Is (y); 


Fs (у) 2 Fs, (у), Vy eG. 
Definition 2.7 

Two single valued neutrosophic sets S, and S» are equal, i.e. Sı = Sy», if and only if, Sı c S; and S; 2 S. 
Definition 2.8 

The union of two SVNSs S, and S; is a SVNS S}, written as S, = SjUS;. 


Its truth membership, indeterminacy-membership and falsity membership functions are related to S; and S; by 
the following equations 


Тоа(У) = max(Ts, (y). Ts, Y) ; 
Ig, (Y) = max(Ig, (y). Is, Y) 3 
Fs; (y) = min(F, (y), Fs,(y)) for all y in G. 


Definition 2.9 
The intersection of two SVNSs S, апа M is а SVNS S», written as S; =$, 5,.Тһе truth membership, 


indeterminacy membership and falsity membership functions c an be defined as follows: 
Ts, (у) = min (Ts C). T3()); 
Is, Cy) = max (Is Cy). Is, (y)); 
Fs, Cy) = max (Fs, (у), Fsm (Y). Vy eG . 
Definition 2.10 Distance between two neutrosophic sets 
The general SVNS can be presented in the follow form as follows: 
S = {(y/(ts(y),1s(y),Fs(y))):y € G} 


Finite SVNSs can be represented as follows: 


5- {(у\/(т$ (у, 1$ (у), Fs(y)))). UN (va /(rsCy s). (Уһ) FS(Y¥m)))} Vy ев (1) 

Definition 2.11 
51= (v/lts, (yas, Суд, (0). a rs Cras Yn ns Qr) Q) 
(3) 


S57 dvi frs, (у) (у), Q0) ns rs, rus (уыз, 0) 
be two single-valued neutrosophic sets, then the Hamming distance between two SNVS S, and 5; can be 


defined as follows: 


(4) 





46,8)- (те G2 — Ts, G2 | + 6,0) “Is, GJ о) в 00 |) 


i= 


and normalized Hamming distance between two SNVS Sand 5; can be defined as follows: 


(5) 





] 2 
"a(s,.s;)- zX(rso Ts (y) | + [Is (9) 1s GP] e [Es 0 — Fs CO |) 
Зп ігі 
with the following properties 
1l. 0<4(51,5)< 3n 
2. Os Х4(61,5)<1 
2.1 Complex fuzzy set [30] 


A complex fuzzy set S, defined on a universe of discourse X, is characterized by a membership function n, (x) 


that assigns any element x eX a complex-valued grade of membership in S. The values т, (х) all lie within the unit 


circle in the complex plane, and thus all of the form p,(x).e'Hs™ where, р(х), ш.(х) are both real valued and 
Ps (X) e[0, 1] . Неге, р, (х) is termed as amplitude term and e's“) is termed as phase term. The complex fuzzy set may 
be represented in the set form as s={(x,ng(x))}: xex 


The complex fuzzy set is denoted as CFS. We now present some set operations of complex fuzzy sets. 
Definition 2.1.1 
Let S be a complex fuzzy set on X and ты(х)-рұ(х).е 89 its complex-valued membership function. The 


complement of S, denoted as c(S) and is specified by a function 

Ts GO = Ps GO: ee = ll- pas, o0. e Or Hee) 

Definition 2.1.2 

Let А and B be two complex fuzzy sets on X, and т, (х) =р, (х).е"А0) апа ny G0 2 py GO. e" B? be 
their membership functions respectively. The union of A and B is denoted as AUB which is characterized by a 
function ng (X) = pug ().e AUB = max(p, (х), py (X) ех co ив(х)) 

Definition 2.1.3 

Let А and В be two complex fuzzy sets on X, and т, (х) =р, (x). "a апа g(x) 2 py GO. e" B? be 
their membership functions respectively. The intersection of A and B is denoted as АПВ which is characterized by а 
function Mang (x) = Pang (X).e "AB = min( pA GO. py (x) ) gi mintua G. HB GO) 

Definition 2.1.4 

Let А and B be two complex fuzzy sets on X, and қд(х)-рд(х).е "^9 апа g(x) 2 py GO. e" B? be 
their membership functions respectively. The complex fuzzy product of А and В is denoted as A»B which is 


characterized by a function 


į HAQ). ив(х) 
Nace (х) = pA (xeta BO = (р(х). рь(х))е 7 


Definition 2.1.5 5 equality of Complex Fuzzy sets [30] 
Let A and B be two complex fuzzy sets on X, and қд(ху-р,(х).е "^ and ть(х) 2 p, GO. e "B8 be 
their membership functions respectively. Now, A and B are ё equal if and only if d(A,B) € 1-6 if where 0<8<1. 


2.2 Complex intuitionistic fuzzy set [33] 
A complex intuitionistic fuzzy set S, defined on a universe of discourse X, is characterized by a membership 
function n, (х) and a non membership function y,(x) that assigns any element xeX а complex-valued grade of 


membership in S. The values n, (x) and y(x) lie within the unit circle in the complex plane, and thus all of the form 
ps G0.el 5C? апа q, (x). e 559 where, р(х), U(X), qg(x) and 9$(х) are both real valued апад; (х), рѕ(х)є[0, П. Here, 
p,(x) andq,(x) are expressed as amplitude terms and e's‘) and e's) expressed as phase terms. The complex 
intuitionistic fuzzy set is represented in the set form as S- x, n G0. и (х): х eX 


The complex intuitionistic fuzzy set is denoted as CIFS. Some set operations of complex intuitionistic fuzzy sets 
are given below. 

Definition 2.2.1 Complement of Complex Intuitionistic Fuzzy set 

Let S be a complex intuitionistic fuzzy set on X and ты(х)-рұ(х) е Ә and т; (х) = 4 Q).e 59. be it complex- 
valued membership function and non membership function respectively. The complement of S denoted as c(S) and 
is expressed by n, (x) as follows. 


= iMe(s = i.(27—-Le(g = 1.9с($ ы і(2л-9с(< 
Ts CO = pas, X)-e HOY = (pus o9. e^ FHI and. ys (X) = qus Xe I = a. 9. e^ ки 


Definition 2.2.2 Union of Complex intuitionistic Fuzzy sets 


Let A and B be two complex intuitionistic fuzzy sets оп X, and n, (х) 2 p, ).e5? and n, (х) 2 q4 (). e 509. and 
т (х) = pg,GO.e" 5? апі ты(ху-ақ(х).е 5C? be their membership functions and non membership function 


respectively. The union of A and В is denoted as AUB which is expressed by n, 4 (x) as follows. 
ias Spas (x). ei 'AUBCO = max( pA GO. pg GO |е ттахидо), BBO] 


aso Pain (x).eHAUBO) = min(p, (х), py (x) Jei minua co., HBO] | 


Definition 2.2.3 Intersection of Complex intuitionistic Fuzzy sets 

Let A and B be two complex intuitionistic fuzzy sets on X, and g(x) = p, G).e 5? апа ты(ху-ас(х).е 899 and 
тє (х) = p,G.e s? and. т; (х) 2 qs Q).e^ 5? be their. membership functions and non membership function 
respectively. The intersection of А and B is denoted as АПВ and can be defined as follows: 

"Aus (X) = PAUR (x). gi 'AUBGO = min(p, (х), рь(х) Jet mintua 0o. ив] 

Tas © S PAS (x).gi AUBCO = max(p, (х), py GO |е matua co, BBCD] 

2.3 Complex Neutrosophic Set [34] 

A complex neutrosophic set S on a universe of discourse X, which is characterized by a truth membership 
function Ts(x), an indeterminacy membership function Is(x), and a falsity membership function Fs(x) that identifies 
a complex-valued grade of Ts(x), Is(x), Fs(x) in S for all x belongs to X. The values Ts(x), Is(x), Fs(x). Their sum is 
within the unit circle in the complex plane. So it can be expressed as follows. 

Ts(x) = psGOe 509, I3) = qgG9e 5509 , Fix) = rge 4809 

Where, рѕ(х), а(х), rs(x) and ug(x), 95(x), Wg (х) are respectively real valued and ps(x), qs(x), rs(x) є [0,1] 


such that 0 € ps(x) + а(х) + rs(x) <3 
Definition 2.3.1 


A complex neutrosophic set CN, is contained in the other complex neutrosophic set CN, denoted as CN; c CN; 
if and only if Pen, (х) < Pew; (х), Gen, GO < асы; (х), гсм (х) < гсм, G0, and Hen, (х) < Hen, (х), Fon; 0S Seny (х), 


©су X) < Men, (X). 
Definition 2.3.2 


Two complex neutrosophic sets CN; and CN; are equal i.e. CN, = CN; if and only if Pon; (х) = Peng (9. 


qen CO = 9см (9, ren CO = rem 00. Hen 00 = Heng (х) Sen, (х) = Әсмә (х), and осм (х) = Өсу; 09. 


Definition 2.3.3 Complex Neutrosophic number (CNN) 
A complex neutrosophic number (CNN) in a complex neutrosophic set S, can be defined as three complex 


components. It can be expressed as (Т<(х), Is(x), Fs(x)). Here, Ts(x) = (ре(әде "809 , I(x) = ас G)el?s O9 , Fs) = 


166 (x) 


rg(x)e and ps(x), qs(x), rs(x), s(x), Ss (x), os (х) are respectively real valued and ps(x), qs(x), rs(x) € [0,1] 
such that 0 < ps(x) + qs(x) + rs(x) <3. 

3. Complex neutrosophic similarity measures 

3.1 Complex neutrosophic cosine similarity measure (CNCSM) 

The complex cosine similarity measure is defined as the inner product of two vectors divided by the product of 
their lengths. It is the cosine of the angle between the vector representations of two complex neutrosophic sets. 
Literature review suggests that cosine similarity measure with complex neutrosophic sets has not been defined. 
Therefore, a new cosine similarity measure between complex neutrosophic sets is proposed in 3-D vector space. 


Definition 3.1.1 Assume that there are two complex neutrosophic sets namely, 


ips, ( 
CN =(ps, (хе 5 ®) 


i94, (x) ios, (х) 
SETS T e `l 


5 (х)е | and CN; -(ps, coe 2 as, іе 82 Коча, (х)е®2 9 in S for 


all x belongs to X. A complex cosine similarity measure between complex neutrosophic sets CN, and CN; is defined 
as follows: 


Cons= Lx (a,b,a2b»)°> (cider)? eif её» 9) К 
a x 0.5 0.5 
с (ab +erds+eify) (abs *c5d5 tesf;) | 





ips) (x) ] 152 (x) ] ius, (x) ] 


ai= Re [ps, (ден 00], biz Im [ ps, (х)е ‚ а= Re [ps, (хе ,Әз- Im (ре; (де 


19 
аре ], со = Ве [асо (х)е' 


195 (x і х 
сі- Re [qs (xe! J, а = Im [qg, (xe ‚ з= Im [qg, (е 2091, 


іші (x) ] 102 (х) ] los, (x) ] 


ei- Re [rg (хуе зі d ], fı = Im [rs (х)е ,Өз- Re [rg;G9e , f= Im (г (е 


Where, “Ке” indicates real part and “Im” indicates imaginary part of corresponding complex number. 


Let CN, and CN, be complex neutrosophic sets then, 

І. 0<Coys(CN,,CN,) <1 

П. Cens (CN, CN3) =Cons(CN>,CN,) 

Ш. Cens (CN;, С№) = 1, iff CN;2 СМ; 

IV. If CN is a CNS in S and CN,c CN,c CN then, Cens(CNi, CN) € Cens(CNi, СМ») , and Cens(CNi, CN) < 
Cons(CN>, CN). 
Proofs: 
I. It is obvious because all positive values of cosine function are within 0 апа 1. 
II. It is obvious that the proposition is true. 
III. When CN, = СЫ», then obviously Cens (CN;, С№) = 1. On the other hand if Cens (CN), С№) = 1 then, a; = a, 
bi = 0, с=с, {= 0, е = е, Ё = fo. 

This implies that CN; = CN». 


IV. Let, CN -(psG)e 59, qs Ge 9509, rs els 02) and also assume that 1; = Re [ p, Goes 9 ], l = Im Гр, (х)е!н= б) 


], mı = Re (| 46(хе 591, m, = Im [asG)e 5509? ], n; = Re [156085509 ], по = Im (ге(х)е 98091 


If CN,c CN,c CN then we can write ajb; € аЬ < lib, сій, > соф 2 тут, eif; 2 еб 2 пп. 
The cosine function is decreasing function within the interval 0, л/ 21. Hence we сап write Cens(CN;, CN) < 


Cens(CN, CN?) , and Cens(CN, CN) € Cens(CN2, CN). 
3.2 Weighted Complex neutrosophic Cosine similarity measure (WCNCSM) 
Definition 3.2.1 


| ) T | 
Assume that there are two complex neutrosophic sets namely, CN; =(ps, oe gs, (е т (де E 


ilis, (x) 


and CN, -(; (хде «às, (a) 2 0 rg qoe at?) in S for all x belongs to X. A weighted complex cosine 


similarity measure between complex neutrosophic sets CN; and СМ; can be defined as follows: 





аа» ? «(c d cod ? +(e, f e f£. 0? 
ne Hm інілік) (cidieoda J^ (еу безг) 5 


(ab) +c;d,+e)f,)°° .(ab+cd5+e>f 4)? 


Where, X^ ,wi-l 

Let CN, and CN, be complex neutrosophic sets then, 

І. OSCwcws(CN;,CN5) <1 

П. Cwens(CN},CN2) ZCwcws(CN?, CN4) 

Ш. Cwens (CN;, С№) = 1, if and only if CN;= СМ; 

IV. If CN is a CNS in S and CN,c CN,c CN then, Cwens(CN:, CN) € Cwens(CNi, CN2) , and Cwens(CNi, 


CN) < Cwens(CN2, CN) 


Proofs: 


I.  Since»?,W;-land all positive values of cosine function are within O and 1, it can be written as 
ОО СМ СМ) <1. 
П. It is obvious that the proposition is true. 
III. When CN, = СМ», then Cwens(CN,, CN?) = 1. On the other hand if Cwens(CN, С№) = 1 then, a; = ao, b; = by, сі 
= Co, dy = do, €; = е, fy = Ё. 

This implies that CN; = С№. 


IV. Let, CN =(ру(х)е'*®9,а(х)е95®9, rs aget (9) and also assume that 1; = Re [ p, Goes 9 ], b= Im [ p, Goes б) 
], mı = Re |ав(х9е 8591, m; = Im [ agG)e 55? ], n; = Re [15e 550? ], п, = Im [rgG9e 8091 
If CN c CN,c CN then we can write аб, < а, < Ц, cid; > cd; 2 пут», ejf; > еҙі;> пп). 


The cosine function is decreasing function within the interval [0, л/ 2]. Hence we can write 


Cwens (СА, CN) < Cwens (CN, С№), and Cwens (СМ, CN) < Сұсм(С№, CN). 
3.3 Complex neutrosophic Dice similarity measure (CNDSM) 
Definition 3.3.1 


г 1 i9, i 
Assume that there are two complex neutrosophic sets namely, см ={Ps (де, gs, (х)е' ат qe) 


and CN; - (ps, бое”? а, (ae 2), 0062) іп S for all x belongs to X. A complex Dice similarity 


measure between complex neutrosophic sets CN; and CN; can be defined as follows: 





Dass »(aibiasb ®®-(сүа са, 5 «(ef e2f2)”5) 4 
CNS ә (ayby +c, d, +e) f1)+ (a502405d5*e2f2) 


іші (х) ins, (x) iig, (x het 
а= Re [ps (xe! ], bi = Im [ ps, (х)е 1^], а= Re [ps G)e 2^ ], b; Im |рө,00е 42/99, 


195 (x i9s, (x 19,5 (x i x 
c; 7 Re [аз (xe! ], d; = Im [qs (xe! ], сз = Re [а (х)е 2 ], do= Im [ qs, 69699209 ], 


105] (х) ] 105) (х) 1 los, (x) ] 


ei = Re [rs G9e ^51 ? ], fi = Im [rs 09e ‚ е›= Re [rs2(x)e , f2= Im [rs, (хе 


Where, “Ке” indicates real part and “Im” indicates imaginary part of corresponding complex number. 


Let CN, and CN, Бе complex neutrosophic sets then, 
Ш. 0 Do (CN, CN,) <1 


Ш. Ds (CN,, CN) =Dexs(CN>,CN,) 


III. Dens(CN}, CN>) = 1, iff CN;- CN: 
IV. If CN is a CNS in S and CN,c CN,c CN then, Dens(CNi, CN) € Dens(CNi, CN?) , and Dens(CNi, CN) < 
Dens(CN2, CN). 


Proofs: 
L Since, 2((ajb4a5b5)9?«(c,d4c5d 59? «(ef e; f )9?) «(a,b +c) е) + (a3b*c5d54e5f 5) it can be written as 
0 Dey; (CN,,CN;) <1. 


II. It is obvious that the proposition is true. 

III. When CN, = СМ», then obviously Осм(С№, CN?) = 1. On the other hand if Dens(CN,, СМ») = 1 then, a, = 
az, by = 6, = Co, dy = do, е = e, fı = fo. 

This implies that CN; = С№. 


IV. Let, CN - (ps GO 5 9 qs Ge 9509, rs gels?) and also assume that 1, = Re [p,G0e/^5?], 1, = Im [ 
p, G)e^50? |, ту = Re (а(х) 991, my = Im [qgG)e?50? ], nj = Re [rsG0e/^5 0? ], fı = Im |16(х96 9891, 


If CN,cC CN,c CN then we can write ау; € агь < 11, cid; > cd? 2 mim», е 2 ef; 2 пу. 


Hence we can write Dens (CN,, CN) < Dens(CN, СМ.) y and Dens(CN}, CN) < Dens(CN2, CN). 
3.4 Weighted Complex neutrosophic Dice similarity measure (WCNDSM) 
Definition 3.4.1 


А i i9 i 
Assume that there are two complex neutrosophic sets namely, CN; =(ps, e"s gs, (x)e 51 ™ s Ge a | 


апа См,-(р; (де 5209 gg, (х)е 992 rg, 002) in S for all x belongs to X. A weighted complex Dice 


similarity measure between complex neutrosophic sets CN; and СМ; can be defined as follows: 


(ъа 5 (c,4,6545 5 (ef eof ;)^5] 
(а Ы, +c, dise; fi) (a5b *c5d5*e5f;) 





(9) 


2 
Dwens= Жүмі 


Where, У (wi71 


Let CN, and CN, be complex neutrosophic sets then, 

І. 0<рұсм(С№,С№,) <1 

П. Ррусм(С№,С№) =рұсм(С№,С№)) 

III. Оусмѕ(С№,, СМ») = 1, iff CN;2 СМ» 

IV. If CN is a CNS in S апа CN c CN,c CN then, рұсм(С№, CN) € Dwens(CNi, СМ») , and рұсм(С№, 
CN) < Dwcus(CN», CN) 


Proofs: 
І. Since, X? ,w;-land 2(a;b;a5b5)9?-« (c;d1e5d5)9? - (eif үе) 2)°°) S(ayby+eydyterf 1) +(agby+Cydy+eyf 9) it 
can be written as 0 XDwcws(CN;,CN5) € 1. 


II. It is obvious that the proposition is true. 
III. When CN; = С№, then obviously Dwcws (CN), С№) = 1. On the other hand if Dwens (СМ, CN) = 1 then, ау = 
а, b; = ba, Cy = о, dy = do, €; = е, fi = Б. 


This implies that CN; = CN». 
IV. Let, CN -(psG)e 59, qs Ge 9509, rs els 0?) and also assume that 1, = Re [ p,(x)e#s™ ], 1; = Im [ p,(xJel#s™ 


], mi = Re[qso9e 50? ], m, = Im [qse 50? J, n; = Re [rsG)e 550? ], no = Im [rgG9e ^50? ] 


If CN,C CN,c CN then we can write a,b; < a»b5 € Ц, cid; > cd; 2 түт», eif; > eif 2 пп». 


Hence we can write Dwens (СМ |, CN) < Dwens (CN, CN»), and Dwcns(CN}, CN) < Dwens(CN>, CN). 
3.5 Complex neutrosophic Jaccard similarity measure (CNJSM) 
Definition 3.5.1 


its; (x) 


è 19, 1 
Assume that there are two complex neutrosophic sets namely, CN, (ра (х)е 45 (де. 1 ia gei?) 


and CN; - (ps, Ge 27 qs, (ae? тезде) in S for all x belongs to X. A complex Jaccard similarity 


measure between complex neutrosophic sets CN; and CN; can be defined as follows: 


(аа) (cid;02d5 9? (eif e£ ; ? 


40102727. TL I2 Y 00 (10) 
' ((eibiteiditeif1)+ (овеза чег) (аваг 5 (eidiesda ^ «(etes r2) 


1 
Jos = Хр 
п 


ils] (х) іні (х) its, (x) ] its» (x) ] 


а= Re [ Ps (x)e ], b;- Im [ Ps, (x)e ], а= Re [Ps2 (е ‚= [Ps2 (де 


1951 (х) 1951 (х) 19; (х) i945 (x) ] 


сі- Re [ds, (x)e 1, dı = Im [qg, (x)e ], о = Re [qgo(x)e ], d;- Im [45, (x)e 


ios, (x) IOs) (x) ios» (x) ios ч 


е,= Re [rs G)e ], fı = Im [rs (х)е ] e2= Ке [rgo(x)e ], f2 = Im [15, (х)е 


Where, “Ке” indicates real part and “Im” indicates imaginary part of corresponding complex number. 


Let CN, and CN, be complex neutrosophic sets then, 
I. 0<Jeys(CNj,CN) <1 


П. Jens(CN1,CN2) =Jons(CN2,CN}) 

III. Jons(CN1, СҺ-) = 1, iff CN;- CN; 

IV. If CN is a CNS in S and CN c CN,c CN then, Jens (СМ), CN) < Jens(CNi, CN?) , ара Јехѕ(С№, CN) < 
Jens(CN2, CN). 


Proofs: 
1. Since, ((a,b;a5b2)09-«(c4d,c5d25)09-«(e;f ef 299) <(аүЬү+сүйү+еүЁ ү) + (a2b2+c2d2+e2f2) 
— ((аьЬуа›Ь„)®?-(сүйүсә4»)®?+(еүїүе»Ё 29?) it can be written as 0 XJcxs(CN;, CN5) <1. 
II. It is obvious that the proposition is true. 
III. When CN; = СМ», then obviously Jens (СМ, CN) = 1. On the other hand if Jens (СА, CN2) = 1 then, a; = а, 


bı = by, а= Co, dı = dù, €; = ez, fı = fo. 
This implies that CN; = CN;. 


IV. Let, CN - (ребе? (же 9509, rs els 9) and also assume that 1, = Re [ р, (х)е! 0%], 


L= Im [ p,G)e 50? ], m; = Re |а6(х)е 89), m; = Im [ qg(x)e 55? ], nj = Re [rgG)e ^50? ], f, = Im [rges], 


If CN,c CN,c CN then we can write a;b; € аЬ < lib, cid) > c2d2 2> түт», eif; 2 е,> пп. 


Hence we can write Jens (CN;, CN) € Jens (CN, СМ»), and Jens(CN;, CN) € Jens(CN2, CN). 


3.6 Weighted Complex neutrosophic Jaccard similarity measure (WCNJSM) 
Definition 3.6.1 


| , A ; 
Assume that there are two complex neutrosophic sets namely, Суру (xe gs, (хе. л (ge sit) 


and CN; - (ps, (0e 027 qs, е 215, qoe at?) in S for all x belongs to X. A weighted complex Jaccard 


similarity measure between complex neutrosophic sets CN; and СМ; can defined as follows: 


(a,b1a5b5 )? + (сс) «(eif eof 2)?” 
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J wens = Mu Е 


Where, yy Wiel 

Let CN, and CN, be complex neutrosophic sets then, 

І. 0<Jwens(CN,.CN,) <1 

П. Јууемѕ(С№, CN>) =Jwens(CN>, СМ) 

III. Jwens (CN,, CN;) = 1, iff CN;- СМ» 

IV. If CN is a CNS in S and CN,c CN,c CN then, Jwens (СА, CN) € Jwens(CNi, СМ2), and 


Jwens(CN;, CN) < Jwens(CN2, CN) 
Proofs: 


I Since n wi=l and ((ajb;a5b2)0?4(c,d;c5d 5)? Hef e; f 299) <(ayby ec dee; f ү) (аҙ +d 5 esf ;) 
= ((ajba5b3)9?-(c1d4c5d5)9? +(eyf eof 259) it can be written as 0 XJ wcus(CN,,CN5) <1. 

II. It is obvious that the proposition is true. 

III. When CN, = СМ», then obviously Jwens (CN;, С№) = 1. On the other hand if Jwcns (СА, СМ») = 1 then, a; = a», 


bı = by, а= с, dy = do, €; = ez, fı = Ё. 
This implies that CN, = CN}. 


IV. Let, CN =(ру(х)е'%®9,а(х)е95 9, rs Gul 0?) and also assume that 1, = Re [р, (х)е!н €? ], 1, = Im [ p, Goes? 


]m,-Re Га(х)е 909 ], m= Im Га(х)е 909) 1, nı = Re [ г(х)е!®з 9 ], n= Im [1 (х)е!® 9] 


If CN,c CN,c CN then we can write a;b; € аЬ < lib, cid) > cod; 2 тут, eif; 2 еб 2 пп. 
Hence we can write Jwcns(CN;, CN) € Jwens(CN, СМ»), and Jweuss(CNi;, CN) € Jwens(CN2, CN). 


4. Methodology of medical diagnosis 

Assume that, Ну, Н», ..., Hm be a discrete set of patients, р, D», ..., D, be the set of diseases, and Aj, A», ..., Ay bea 
set of symptoms. The decision-maker provides the ranking of diseases with respect to each symptom. Medical 
diagnosis procedure under complex neutrosophic environment based on Cosine, Dice and Jaccard similarity measure 
camn be presented using the as following steps. 


Step 1: Determination the relation between patients and symptoms 
The ranking presents the performances of patients Н; (i = 1, 2,..., m) against the symptoms A; (j = 1, 2, ..., К). The 
complex neutrosophic values associated with the patients and their symptoms for diagnosis problem can be 
presented in the decision matrix (see the table 1). 


Table 1: The relation between Patients and Symptoms (R-1) 





R-1 Ay А, Ut Ak 
Hi (T, IE; Fn) (Tj). I5, F5) S (T, Ij, Fi) 
H2 (T; IL, Fa) (T5, L5, F5) u (T4, br Еж) 
Hm (Tarlan Ear) (Та Ema) з (T aca Po) 





Here (Tj. IL. Fy) (1= 1, 2,..., m; j= 1,2, ..., К) is the complex neutrosophic number associated to the i-th patient and 


the j-th symptom. 


Step 2: Determination of the relation between symptoms and diseases 
The relation between symptoms A, (j = 1, 2, ..., К) and diseases D, (t = 1, 2, ..., n) in terms of complex neutrosophic 
numbers can be presented in the decision matrix (see the table 2). 


Table 2: The relation between symptoms and diseases (R-2) 
R-2 Di р» m" D, 

Al (ети) (Exin) WW ПЕТ OR 
A2 (Eoo Thais Car) (65.156) v (Eos T2 бз) 








Ак (SMa Su) (5o mo бо) s [Exo Sad) 


Here (4.7 ; Gi) (121, 2,..., k;j2 1, 2, ..., n) is the complex neutrosophic number associated to the i-th symptom 


and the j-th disease. 


Step 3: Determination of the similarity measures 
Determine the complex cosine, Dice and Jaccard similarity measures Coys, Dens and Joys between the table 1 and 


the table 2 using equation (6), equation (8) and equation (10). 

Step 4: Ranking the alternatives 

Ranking of diseases can be prepared based on the descending order of complex cosine, Dice and Jaccard similarity 
measures. The disease corresponding to highest similarity value reflects that patient H; (1 = 1, 2,..., m) suffering 
from that disease. 

Step 5: End 


5. Example on medical diagnosis 


We consider a medical diagnosis problem for illustration of the proposed approach. Medical diagnosis comprises 
of uncertainties and increased volume of information available to physicians from new medical technologies. So, all 
collected information may be in complex neutrosophic form. The three components of a complex neutrosophic set 
are the combinations of real-valued truth amplitude term in association with phase term, real-valued indeterminate 
amplitude term with phase term, and real-valued false amplitude term with phase term respectively. So, to deal more 
indeterminacy situations in medical diagnosis complex neutrosophic environment is more acceptable. 

The process of classifying different set of symptoms under a single name of a disease is very difficult. In some 
practical situations, there exists possibility of each element within a periodic form of neutrosophic sets. So, medical 
diagnosis involves more indeterminacy. Complex neutrosophic sets handle this situation. Actually this approach is 
more flexible, dealing with more indeterminacy areas and easy to use. The proposed similarity measure among the 
patients versus symptoms and symptoms versus diseases will provide the proper medical diagnosis in complex 
neutrosophic environment. 

The main feature of this proposed approach is that it considers complex truth membership, complex 
indeterminate and complex false membership of each element taking periodic form of neutrosophic sets. 

Now, consider an example of a medical diagnosis. Assume that H = (H4, H2, H3} be a set of patients, D = (Viral 
Fever, Malaria, Stomach problem, Chest problem] be a set of diseases and A = (Temperature, Headache, Stomach 
pain, cough, Chest pain.) be a set of symptoms. Our investigation is to examine the patient and to determine the 
disease of the patient in complex neutrosophic environment. 

Step 1: Determination the relation between patients and symptoms 


In the diagnosis process the relation between Patients and Symptoms in complex neutrosophic form has been 
presented in the decision matrix as follows (see table 3). 
Table 3: Relation between Patients and Symptoms in complex neutrosophic form (R-1) 



































R-1 Temperature Headache Stomach pain cough Chest pain 

Н, 0.6e! 9. 0.4 e! 2i. 0.4e! 21 0.4 el Ti. 0.3e!%,0.4e!% 0.6e!%,0.5e! 1, 04-2 0,3-0, 
0.2.04 0.3407 0.46 0.3 498 0.2 905: 

Н» 0.7 e! 910.4 2! 21. 0.4 e! 31 0.665. 0.5e! ^ 0.4 e 7, 0.66! 9, 0.4 910i. 0.3el5!,0.4 e 9, 
0.5 eot 0.3405: ола 0.4е95 0.5 el“ 

H; 0.5-06і 0.5e1”, 0.5 e? 0.4 e 21, 0.4 e! 9, 9.4 9101. Q.4e! 91. 0.5e1", 0.5e!21,0.2 9 21. 
0.5 209 0.4 904i 0.2.06 0.22?! 0.22! ^i 

Numerical values of (ab,)°°, (са,)°?апа (е) corresponding to each CNN (from table 3) has been presented 





in the following matrix (see table 4). 


Table 4: Numerical values of (a;b;)"^, (сі41) “апа (е) corresponding to each CNN (from table 3) 








Patients 


Temperature 


Headache 


Stomach pain 


cough 


Chest pain 





Па), (сла), 
(е11)7°] 





[(arby)"*,(cidy)””, 
(ei£)?] 








Па), (са), 
(е11)7°] 





Па), (са), 
(eif) 





Па), са)”, 
(ei£)?] 




















Н; [0.405, 0.232, | 10.581, 0.637, | [0.202, 0.270, | [O.404, 0.226, | 10.255, 0.202, 
0.141] 0.702] 0.274] 0.212] 0.126] 

Н; [0.355, 0.232, | 10.105, 0.161, | 10.205, 0.232, | [0.405, 0.270, | [0.077, 0.270, 
0.348] 0.396] 0.271] 0.274] 0.336] 

Н; [0.342, 0.290, | 10.255, 0.232, | [0.270, 0.270, | 10.270, 0.270, | 10.290, 0.077, 
0.349] 0.239] 0.138] 0.270] 0.084] 























Step 2: Determination of the relation between symptoms and diseases 

The relation between symptoms namely, temperature, headache, stomach pain, cough and diseases namely, viral 
fever, malaria, stomach pain, chest pain in terms of complex neutrosophic numbers has been presented in the 
following decision matrix (see the table 5). 


Table 5: Relation among Symptoms and Diseases in complex neutrosophic form (R-2) 




















R-2 Viral Fever Malaria Stomach problem Chest problem 

Temperature олы 0.4 e^t. 0. бе: 3i ,0. Aul. 4 0. 5e. Ai ‚0. 5е! 3L 0. бе: 5i ,0. 4606, .6i 
0.3406: 0. Del 5i 0.2 е бі 0. 5е? Ті 

Headache 0. 5606, 0.460", 0.420. 0.420%, 0. 5608. 0.400%, 0. 52091: 04е! ШЕ 
0.2е°® 0.3е9* 0.2¢!-% 0.5е°® 

Stomach pain 0. де" 01 ‚0. 4е 1. 1: 0. e li ‚0. 2e pa 0. 4e! 21 ‚0. 4е 131, 0. К? 3i ‚0. 4е гар, 
0.4e!: 21 el? 0.5 ег“ el 

Cough 0.3e! ^i, 04е О, 0.4 eli. 0.5е oor 0.5e6, 0.4e Du 0.3 97, 04е oer 
0.5е 0.6i 03e 0.7i 0.3e 0.8i 04е 0.91 

Chest pain 0.408, 0.40%, Q.6el 9i. 0,4 12i. 0.46! 21 ,0.4e!: 4i 0.4! 4 ‚0. 3606. 
0.5е 1.01 0.3e! 4i 0.5е 0.6i 02e 0.8i 




















Numerical values of (арыу ‚ (cod, ?and (ез) corresponding to each CNN (from table 5) is presented in the 


following matrix (see the table 6). 


Table 6: Numerical values of (аЬ), (c,d;) “апа (e;f;)"^ corresponding to each CNN (from table 5) 

















Symtoms Viral Fever Malaria Stomach problem | Chest problem 
(аз) (eod), | аз») (eod) ^, | азы) “(езі)”, | (ағы) (cada), 
(e2f2) 7] (е2) °] (е) 7] (е) 7] 

Temperature [0.232, 0.161, | [0.581, 0.637, | [0.205, 0.134, | [0.158, 0.274, 
0.205] 0.702] 0.138] 0.351] 

Headache [0.345, 0.281, | [0.281, 0.281, | [0.354, 0.279, | [0.349, 0.270, 
0.141] 0.210] 0.134] 0.354] 
































Stomach раш [0.425, 0.247, | [0.319, 0.114, | [0.232, 0.202, | [0.202, 0.164, 
0.232] 0.100] 0.205] 0.077] 
[0.122, 0.105, | [0.105, 0.342, | [0.342, 0.281, | [0.210, 0.283, 

Cough 0.342] 0.210] 0.212] 0.279] 

Chest pain [0.283, 0.279, | [0.313, 0.236, | [0.236, 0.164, | [0.164, 0.205, 
0.338] 0.122] 0.342] 0.141] 




















Step 3: Determination of the similarity measures 


The complex cosine, Dice and Jaccard similarity measures Coys, Dens and Jeng between the table 3 and the table 5 


using equation (6), equation (8) and equation (10) have been presented in the table 7, the table 8 and the table 9. 


Table 7: Complex neutrosophic cosine similarity measure between R-1 and R-2 













































































CNCSM Viral Fever Malaria Stomach problem Chest problem 
H, 0.9303 0.9272 0.8662 0.8442 

H2 0.8581 0.7512 0.8148 0.8681 

H3 0.9267 0.8602 0.8409 0.7864 

Table 8: Complex neutrosophic Dice similarity measure between R-1 and R-2 

CNDSM Viral Fever Malaria Stomach problem Chest problem 
H, 0.8623 0.8281 0.8596 0.8451 

H2 0.8024 0.7320 0.7935 0.8307 

Н; 0.9005 0.8473 0.8187 0.7672 

Table 9: Complex neutrosophic Jaccard similarity measure between К-1 and R-2 

CNJSM Viral Fever Malaria Stomach problem Chest problem 

H, 0.8595 0.8114 0.8498 0.8443 

H2 0.8201 0.8019 0.7911 0.8502 

H3 0.8708 0.8147 0.8469 0.7425 

















Step 4: Ranking the alternatives 


The highest correlation measure from the table 7, table 8 and table 9 reflects the proper medical diagnosis. 


Therefore, patients Н, and H; suffer from viral fever and patient H, suffers from chest problem. 


Step 4: End. 











Conclusion 


In this paper, we have proposed three similarity measures namely, Cosine, Dice and Jaccard similarity measures 
based on complex neutrosophic sets. We have also proved some of their basic properties. We have presented their 
applications in a medical diagnosis problem. The concept presented in this paper can be applied to multiple attribute 
decision making problems, pattern recognition, personnel selection, artificial intelligence in complex neutrosophic 
environment. 
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Highlights 


e We propose complex neutrosophic cosine, Dice and Jaccard similarity measures. 

e We establish some of the properties of complex neutrosophic cosine, Dice and Jaccard 
similarity measures. 

e We present an application of neutrosophic complex cosine, Dice and Jaccard similarity 
measures have to medical diagnosis problem with complex neutrosophic information. 

e We conclude that the proposed similarity measures can be applied in multi attribute 
decision making, pattern recognition, personnel selection, etc problems. 


Table 1: The relation between Patients and Symptoms (R-1) 





R-1 A; А» x Ак 
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Table 2: Тһе relation between symptoms and diseases (R-2) 
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Table 3: Relation between Patients and Symptoms in complex neutrosophic form (R-1) 
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Table 3: Relation between Patients and Symptoms іп complex neutrosophic form (R-1) 





R-1 


Temperature 


Headache 


Stomach pain 
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Table 5: Relation among Symptoms and Diseases іп complex neutrosophic form (R-2) 











R-2 Viral Fever Malaria Stomach problem Chest problem 
Temperature 0.4 e 21, 0.4 c1 ^i, 0 бе%,0.4 141 0.5el 41, 0.5 ы, 0. 6e! Si ‚0.4е 0.61, 
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Table 6: Numerical values of (a;b;)^^, (c;d;)"^and (e;f;)^ corresponding to each CNN (from table 5) 


























Symtoms Viral Fever Malaria Stomach problem | Chest problem 
Газы)” (сз, | Қазы)” (са), | азы)”, (сә) | (агь), (е0), 
(егі); (егіз); (е›&)°?] (езі) 

Temperature [0.232, 0.161, | [0.581, 0.637, | [0.205, 0.134, | [0.158, 0.274, 
0.205] 0.702] 0.138] 0.351] 

Headache [0.345, 0.281, | [0.281, 0.281, | [0.354, 0.279, | [0.349, 0.270, 
0.141] 0.210] 0.134] 0.354] 

Stomach pain [0.425, 0.247, | [0.319, 0.114, | [0.232, 0.202, | [0.202, 0.164, 
0.232] 0.100] 0.205] 0.077] 
[0.122, 0.105, | [0.105, 0.342, | [0.342, 0.281, | [0.210, 0.283, 
0.342] 0.210] 0.212] 0.279] 

Cough 

Chest pain [0.283, 0.279, | [0.313, 0.236, | [0.236, 0.164, | [0.164, 0.205, 
0.338] 0.122] 0.342] 0.141] 

















Table 7: Complex neutrosophic cosine similarity measure between R-1 and R-2 

















CNCSM Viral Fever Malaria Stomach problem Chest problem 
H, 0.9303 0.9272 0.8662 0.8442 
H2 0.8581 0.7512 0.8148 0.8681 
Н; 0.9267 0.8602 0.8409 0.7864 




















Table 8: Complex neutrosophic Dice similarity measure between К-1 and R-2 

















CNDSM Viral Fever Malaria Stomach problem Chest problem 
H, 0.8623 0.8281 0.8596 0.8451 
H2 0.8024 0.7320 0.7935 0.8307 
Н; 0.9005 0.8473 0.8187 0.7672 




















Table 9: Complex neutrosophic Jaccard similarity measure between К-1 апа R-2 














CNJSM Viral Fever Malaria Stomach problem Chest problem 
H, 0.8595 0.8114 0.8498 0.8443 
H2 0.8201 0.8019 0.7911 0.8502 
H5 0.8708 0.8147 0.8469 0.7425 




















